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LOCAL STRUCTURE OF PRINCIPALLY POLARIZED STABLE 
LAGRANGIAN FIBRATIONS 

JUN-MUK HWANG, KEIJI OGUISO 



Abstract. A holomorphic Lagrangian fibration is stable if the characteristic cycles of 
the singular fibers are of type Jm, 1 < m < oo, or Aao- We will give a complete description 
of the local structure of a stable Lagrangian fibration when it is principally polarized. In 
particular, we give an explicit form of the period map of such a fibration and conversely, for 
a period map of the described type, we construct a principally polarized stable Lagrangian 

\^ • fibration with the given period map. This enables us to give a number of examples 

.^^ I exhibiting interesting behavior of the characteristic cycles. 

^' 

c^ , 1. Introduction 

For a holomorphic symplectic manifold {M,uj), i.e., a 2?7--dimensional complex manifold 
with a holomorphic symplectic form u G H^{M, ^\,j), a proper flat morphism f : M ^ B 
over an n-dimensional complex manifold B is called a (holomorphic) Lagrangian fibration 
if all smooth fibers are Lagrangian submanifolds of M. The discriminant D C B, i.e., the 
t;j- i set of critical values of /, is a hypersurface if it is non-empty. In |H01| . the structure of 

^D ' the singular fiber of / at a general point b ^ D was studied. By introducing the notion 

^ . . of characteristic cycles, |H01] shows that the structure of such a singular fiber can be 

r^ I described in a manner completely parallel to Kodaira's classification ([Kd], see also V. 7 in 

[BHPV] ) of singular fibers of elliptic fibrations. Furthermore, to study the multiplicity of 
the singular fibers, |H02j generalized the stable reduction theory of elliptic fibrations (cf. 
V.IO in [BHP Vj ) . explicitly describing how arbitrary singular fiber over a general point of 
D can be transformed to a stable singular fiber, a singular fiber of particularly simple type. 
These results exhibit that the theory of general singular fibers of a holomorphic Lagrangian 
C^ ' fibration gives a very natural generalization of Kodaira's theory of elliptic fibrations. 

The current work is yet another manifestation of this principle. An important part of 
Kodaira's theory is the study of the asymptotic behavior of the elliptic modular function 
of a given elliptic fibration near a singular fiber. As a generalization of this we will study 
the asymptotic behavior of the periods of the abelian fibers near a general singular fiber of 
a holomorphic Lagrangian fibration. Here we need to make two additional assumptions on 
the Lagrangian fibration. 

First, we will assume that the singular fibers are of stable type, i.e., its characteristic 
cycles are of type /fc>0 < fc < oo (/oo meaning Aqo)- As explained above, any general 
singular fiber can be transformed into this form by the stable reduction ( |H02] . Section 4). 
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The second assumption we will make is that the Lagrangian fibration is principally po- 
larized, in the sense explained in Definition 13.11 This condition is satisfied if there exists 
an /-ample line bundle on M \ f~^{D) whose restriction on smooth fibers give principal 
polarizations on the abelian varieties. This assumption is rather restrictive compared with 
the setting of |H01j and [H02i|, where the only assumption was that the fibers of / are of 
Fujiki class. 

We believe that understanding the structure of Lagrangian fibration under these as- 
sumptions is essential for the study of general cases. Since this special case already requires 
substantial care and already provides many interesting examples (see Section 5), we restrict 
our attention to it in this paper and leave the general cases to future study. 

The main result of this paper is the following. 

Theorem 1.1. Let f : M ^ B be a principally polarized stable Lagrangian fibration (cf. 
Definition \2.1\ and Definition \3.1\) . Then at a general point b £ D of the discriminant, there 
exists a coordinate system (zi,. . . ,Zn) with D defined by Zn = 0, such that for a suitable 
choice of an integral frame of the local system R^ f^.'L on B\D, the period matrices have 
the form 

^) = a a f^^ (*'•?') ^ (^' "-) "^'^ ^n = r, r, + - — ^= log Zn 

■' OZiOZj OZnOZn 2-KyJ—l 

where ^ is a holomorphic function in zi, . . . ,Zn- Here i is the number of irreducible com- 
ponents of a general singular fiber. 

Conversely, given any germ of holomorphic function ^(zi, . . . , Zn) such that lm(0*) > 0, 
there exists a principally polarized stable Lagrangian fibration whose period matrices are of 
the above form. 

That the period matrix of Lagrangian fibration is the Hessian of a potential function is a 
well-known consequence of the action-angle variables (cf. |DM] ) . The logarithmic behavior 
of the multi-valued part reflects the stability assumption on the singular fiber. The novelty 
in Theorem 11.11 lies in the choice of the variable Zn through which these two aspects are 
intertwined. The existence of Zn follows from the fact proved in Proposition 13.131 that the 
characteristic foliation accounts for the degenerate part of the polarization restricted to the 
fixed part of the monodromy. The proof of this uses a version of the Monodromy Theorem 
from the theory of the degeneration of Hodge structures and the topological property of 
the stable singular fiber. 

The converse direction in Theorem 11.11 is shown by explicitly constructing a principally 
polarized stable Lagrangian fibration from a given potential function ^{z) imaginary part of 
whose Hessian matrix is positive definite. This part is a sort of generalization of Nakamura's 
construction |Na| of toroidal degeneration of principally polarized abelian varieties over 1- 
dimensional small disk. Using our construction, we shall give a concrete 4-dimensional 
example of principally polarized stable Lagrangian fibration in which the types of char- 
acteristic cycles of singular fibers change fiber by fiber, too. To our knowledge, such an 
example has not been noticed previously. In fact, most of the previous constructions of 
singular fibers of Lagrangian fibrations have used product construction from elliptic fibra- 
tions. 
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2. Stable Lagrangian fibrations 

Definition 2.1. A Lagrangian fibration is a proper flat morphism f : M ^ B from a 
holomorphic symplectic manifold (M, u) of dimension 2n to a complex manifold B of di- 
mension n such that the smooth locus of each fiber is a Lagrangian submanifold of M. The 
discriminant D G B is the set of the critical values of /, which is a hypersurface in B if it 
is non-empty. Throughout this paper, we assume that D is non-empty. We say that / is a 
stable Lagrangian fibration if D C i? is a submanifold and each singular fiber f~^{b),b G D, 
is stable, i.e., it is reduced and the characteristic cycle in the sense of [HQl] is of type 
Ik^^ ^ k < oo. By the description in [HOl], this is equivalent to saying that f~^{b) is 
reduced and its normalization is a disjoint union of a finite number of compact complex 
manifolds Y^, . . . ,Y^ for some positive integer i such that 

(i) each y* is a P^-bundle over an (n — l)-dimensional complex torus A^ whose fibers 
are sent to characteristic leaves of f~^{b) in the sense of |H01j . i.e., for a defining 
function h £ 0{B) of the divisor L), the Hamiltonian vector field iuj{f*dh)^ where 
L^ : Q\j — )• T{M) is the vector bundle isomorphism induced by w, is tangent to the 
image of the fibers in M; 
(ii) there exist submanifolds S\,S\ C F*, with S\ / ^2 except possibly when £ = 1,2, 
such that S\ U ^2 is a 2-to-l unramified cover of A^ under the P^-bundle projection; 
(iii) the normalization v ■.\_]Y^ ^ f^^{b) is obtained by the identification via a collection 
of biholomorphic morphisms gi : S2 ^ S\^ for 1 <i < C—l and gi : S2 ^ Sj with 
the additional requirement gi = g^ if Sl = 5| and Sf = S2 ioi £ = 2. 

A maximal connected union of the P^-fibers in (i) under the identification in (iii) is 
called a characteristic cycle. A characteristic cycle can be either of finite type (Im-type, 
1 < m < 00) or of infinite type ^001 which we also denote by L^q. 

Recall (cf. [HQ2j Section 4) that in a neighborhood of a general singular fiber, any La- 
grangian fibration whose fibers are of Fujiki class can be transformed to a stable Lagrangian 
fibration by certain explicitly given bimeromorphic modifications and branched covering. 
We will be interested in the local property of the fibration at a point of D. Thus we will 
make the following 

(Assumption) D C B is the germ of a smooth hypersurface in an n-dimensional complex 
manifold and the fundamental group tti^B \ D) is cyclic. 

The following is immediate from Proposition 2.2 of |H01| . 

Proposition 2.2. Given a stable Lagrangian fibration, we can assume that there exists an 
action of the complex Lie group C"~^ on M preserving the fibers and the symplectic form 
such that S\,S\ are orbits of this action for all 1 < i < £. This action of C'^~^ on Y^ 
descends to the translation action on A^ . The patching biholomorphisms gi in Definition 
\2.1\ (iii) as well as the ¥^ -bundle structure in (i) are equivariant under this action. In 
particular, if S\ = ^2 (resp. Sf = 5| j, the Galois action of the double cover Sj — ;■ A^ 
(resp. Sf — )■ A^) is by a translation on the torus Sl (resp. Sf). 

Regarding the topology of the singular fiber f^^{b), b £ D, we have the following. 
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Proposition 2.3. In the setting of Definition \2.1\ fix a component Y^ of the normalization 
of f^^{b) and set 

Yo:=Y'\iSluSl), 

which is equipped with a C* -bundle structure g :Yo ^ A over a complex torus A of dimen- 
sion n—1 coming from Definition \2.1\ (i). Then there exists a (not necessarily holomorphic) 
continuous map fi : f~^{b) -^ A' to a complex torus A' isogenous to A such that when 
j : Yq ^ f~^{b) is the natural inclusion and p :Yq ^ A ^ A' is the composition of g and 
an isogeny, fio j is homotopic to p. 

Proof. Let us use the notation introduced in Definition 12.11 (iii) for the description of the 
normalization morphism i/ : |jy* — )• /~^(6). 

First, we consider the case S\ ^ S\ for all 1 < i < £. Define f'^{b) as the variety obtained 
from Ijy* with all the patching identification gi, . . . ,g£-i such that the normalization 
factors through 

i,:\jY^^fHb)^f-\b) 

with the second arrow given by the identification via g£. When £ = 1, f~^{b) = y^. The 

C^^^-action of Proposition 12.21 lifts to a C"~^-action on f~^{b). The connected unions 
of the images of the P^-fibers of y* define finite chains of quasi-transversally intersecting 

P^'s in /^^(6), which we call characteristic chains. Each characteristic chain intersects 

each S\ (resp. S2), 1 < i < £ at exactly one point, inducing a morphism f~^{b) -^ A to a 
complex torus of dimension n—1 biholomorphic to A*'s. This determines a biholomorphism 
C:Si^S\. Fix a point a £ Si and let p = C{a) £ Sl For t £ [0, 1] C M, let n : Sj -^ Sl 
be the translation by t(/3 — g£{a)). 

Define a new family of biholomorphic morphisms g\ : S2 ^ S\ by g\ = Tt o g^. Clearly, 
9£ = 9e- We claim that g\ = C,- In fact, C,~^ o gj is an automorphism of S2 which fixes the 
point a. But both gj and (^ must be equivariant under the C"~^-action of Proposition 12.21 
Thus C^^ ° 9] rnust be the identity map of S2, proving the claim. 

Let f^^{b)^ be the variety obtained from f~^{b) by identifying Sl and S2 via g^. Then 

f-\bf = f-Hb) 

and f^^{by is homeomorphic to f~^{b). The C"~^-action descends to f^^{bY for each t as 
Tt commutes with the C^^^-action. By abuse of terminology, we call the maximal connected 
unions of the images in f~^{bY of the characteristic chains as characteristic cycles of /~^(5)*. 
By the C"~^-action, we know that all characteristic cycles in /~^(6)* are isomorphic. By 
our choice of a and /3, there exists one finite characteristic cycle in /~^(5)^. Thus we 
get a morphism p' : /^^(6)^ — t- A' to some complex torus A' isogenous to A . Define 
p : f~^{b) — )■ A' as the composition of p' with the homeomorphism f~^{b) — t- f~^{by. It 
certainly satisfies the required property. 

Now consider the case when i = 1 and Sl = 82- Set f~^{b) = Y^ and define ( : S^ ^ Sl 
as the Galois action of the double covering Sl — )• A^ in Definition 12.11 (ii) . Then the same 
argument as in the previous case applies. 
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Finally, consider the case when £ = 2, Sf = S2 and Sf = Sf. By Proposition 12.21 
the Galois action on 5| (resp. Sf ) of the double cover over A^ (resp. A^) is given by 
a translation, say, by 71 € C"~^ (resp. 72 G C"^^). By the equivariance of gi = §2^, 
for each a G 5|, we have (71(71 -a) = 72 • gi{ct). Thus by the normalization morphism 
u : Y^ U Y'^ — )• f~^{b), a point a G S*} is identified with 51(a) G 5^, and the point 
7i • a G Sl, which lies in the P-'^-fiber through a, is identified with 72 • 91(0;), which lies 
in the P^-fiber through gi{a). Thus we get a morphism fj. : f~^{b) — ?• A' to an (n — 1)- 
dimensional torus A' whose fiber is a union of two P^'s identified at two points. This // 
satisfies the required property. D 

We have the generalization of the classical action-angle correspondence as follows. 

Proposition 2.4. Given a stable Lagrangian fibration f : M ^ B, choose a Lagrangian 
section T, C M of f . Then we have a natural surjective unraniified morphism $ : T*B — t- 
M\E where E is the union of the irreducible components of the fibers of f disjoint from 
S such that 

(1) / o $ agrees with the natural projection g : T*B ^ B, 

(2) $ sends the zero section ofT*B to S and 

(3) $*w coincides with the standard symplectic form on T*B. 

In particular, T := ^^^{Ti) is a Lagrangian submanifold (with many connected components) 
in T*B. For each b £ B, ^h := ^\t*{b) ■ T^{B) — ^ f^^{b) \E is the universal covering and 
Fft := r n T^{B) is naturally isomorphic to Hi{f~^{b) \E,'L). 

Proof. Over B \ D, this is just a holomorphic version (cf. Proposition 3.5 in |Hw| ) of the 
classical action-angle correspondence as described in Section 44 of [GSj. The statement 
over D follows by the same argument as for the smooth fibers. In fact, for each b £ B, the 
vector group T^{B) acts on the fiber f^^{b) with n-dimensional orbits on the smooth locus 
of f^^{b) (cf. Proposition 3.3 in [Hwj ) . The morphism $6 is defined by taking the orbit 
map of the point S n f~^{b) under this action, which is a universal covering map for the 
smooth locus of the component of f~^{b) containing S n f^^{b). This shows (1) and (2). 
The proof of (3) is the same as that of Theorem 44.2 of [GS] . D 



Proposition 2.5. Let b £ D. In the notation of Proposition \2^ we can assume that the 
connected component of T containing each point 0/ F n T^{B) is a Lagrangian section of 
T*{B) — )• B, i.e., a closed 1-form on B. Let F' C F 6e the union of such sections ofV over 
B. Then for each s £ B \ D , T'^ := V r\ T*{B) is a sublattice ofTs satisfying F^/F^ = Z. 

Proof. Since f^^ib) \ E is a C*-bundle over an (n — l)-dimensional torus, we see that 
F n T^{B) has rank 2n — 1. Thus F^ has rank 2n — 1. It remains to show that F^/F^ is 
torsion- free. Suppose it has a /c-torsion, < k £ Z, i.e., there exists a point a G F^ \ F'^ 
such that ka £ F^. Let ka be a closed 1-form given by the component of F' containing ka. 
Then the closed 1-form d = ^fca is also a component of F' containing a, which implies 
a G F'^, a contradiction. D 



Proposition 2.6. In the notation of Proposition \2m letY^ be the fiber of M\E at a point 
b £ D. Let $b : T^{B) — )■ Yq be the universal covering map and q -.Yq ^ A be the C* -bundle 
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over an (n — 1)- dimensional torus. Let T C T^ = Y'^ he the rank-1 sublattice corresponding 
to the kernel of 

g, : Hi{Yo,Z) ^ Hi{A,Z). 

Then for any v E r'^\ T, there exists zu £ H^{f~^{b),Z) such that (ro,j^,^;) / where 
J* : Hi{Yo,7j) — )• Hi(f''^{b),7j) is induced by the inclusion j -.Yq C f~^{b). 

Proof. Since g*{v) S Hi{A,7j) is non-zero, there exists ip £ H^{A,Z) such that {ip, q^:{v)) ^ 
0. Let w = ^*ip where the map // : f~^{b) — )• A is as defined in Proposition 12.31 satisfying 
H o j = g. Then 

{w,j4v)) = {i^*ip,j^{v)) = {fn*ip,v) = {g*ip,v) = {^,g*{v)) / 0. 

D 

For a stable Lagrangian fibration f : M ^>- B, denote by A the local system on B \ D 
defined by the lattice A^ := Hi{f^\s),Z) ior s€ B\D. 

Proposition 2.7. For a stable Lagrangian fibration f : M ^ B and s €z B \ D, fix a 
generator of the cyclic fundamental group of tti{B \ D,s) and denote by r^ : A^ — t- A^ the 
monodromy operator of the generator. Then the fixed part A^ C A^ of Tg at s £ B \D has 
corank 1. 

Proof. For any s £ B \D, we can identify each fiber A^ = Hi{Ms,'Ij) with the fiber Tg of 
Proposition 12.41 Thus the result follows from Proposition 12.51 D 

3. Principally polarized stable Lagrangian fibration 

Definition 3.1. Let A be as in Proposition 12.71 A principal polarization on a stable 
Lagrangian fibration / : M — )• i? is a unimodular anti-symmetric form Q : A^A — )• I^bXD 
where I^exd denotes the constant sheaf of integers on B \ D, which induces a principal 
polarization on each smooth fibers of /. A stable Lagrangian fibration with a choice of 
principal polarization is called a principally polarized stable Lagrangian fibration. 

Remark 3.2. In Definition 13. 1^ the polarization on M \ f^^{D) may not extend to an 
/-ample class of the whole M. In fact, / need not be projective. This definition is useful 
because there are many situations where the polarization exists a priori only on the smooth 
fibers, e.g., in Kodaira's study of elliptic fibrations and also in our construction in Section 
5. 

Proposition 3.3. Let f : M ^ B be a principally polarized stable Lagrangian fibration. 
Then the monodromy operator in Proposition \2.7\ satisfies Ts ^ Id and r^ o r^ ^ Id. 



Proof. If Ts = Id, then we see that / is a smooth fibration, as in the proof of Proposition 3.2 
in [Hw]. In fact, since there is no monodromy and / is polarized over B\D, we can extend 
the period map of the abelian family on B \D to the whole B ( |Grj . Theorem 9.5). Thus, 
we obtain a smooth abelian fibration /' : M' — )• B such that / and /' are bimeromorphic 
outside D. Since M' contains no rational curves and both M and M' have trivial canonical 
bundles, this implies M and M' are biholomorphic, a contradiction to the non-emptiness 
of the discriminant D oi f . 
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If Tg o Ts = Id, take a double cover g : B' ^ B branched along D and let D' = g^^{D). 
Denote by / : M — )■ i?' the fiber product of / and g, which has no nionodromy on B' \ 
D'. By the C"~^-action of Proposition 12.21 which lifts to M, the following property of 
M can be seen from the corresponding properties in the case of n = 1 (cf. Proof of 
Proposition 9.2 in |BHPV| ): M is normal, Gorenstein with singularities of type Ai x 
( germ of (2n — l)-dimensional manifold ) and has trivial canonical bundle. Thus we have 
a crepant resolution /' : M' — )• B', which is a family with trivial canonical bundle and no 
monodromy. Then we get a contradiction as in the previous case. D 

Lemma 3.4. Let r : A — )• A 6e an automorphism of a lattice such that A' := {v S A, t{v) = 
v} is a suhlattice of corank 1, i.e., A/A' = Z. If tot ^ Id, then rj := r — Id satisfies rjorj = 0. 

Proof. Note that A' C Ker(77). The induced automrophism f : A/A' — )• A/A' is either Id 
or —Id. If f = Id, then for a non-zero v € A\ A', we have t{v) = v + X for some A E A'. 
Then r](v) = A G A' C Ker(?7). This proves that ij o rj = 0. If r = —Id, then for a non-zero 
V £ A\ A', we have r(f ) = —v + A for some A E A'. Then 

r o t{v) = —t(v) + r(A) = —{—v + A) + A = f . 

Thus r o r = Id, a contradiction. D 

Proposition 3.5. In the setting of Proposition \3.3[ let rj := t^— Id. Then for any /3 £ lm.{ri) 
and an element ip E H^{M,'L), 

{i*ip,(3) = {^,i,l3)=0 

where i* : if^(M, Z) — >• if^(Ms,Z) andij, : Hi{Ms,1j) — )■ ifi(Af, Z) are the homomorphisms 
induced by the inclusion i : Mg := f~^{s) C M. 

Proof. Let Ti be the local system on B \ D given by H^{Ms,'Ij),t £ B \ D. Denote by 
r* : Tig — ^ T~(-s the transformation dual to r, i.e., for any w E H^{Ms,Z) and u E Hi{Ms,7j), 

{t*{w),u) = {w,t{u)). 

By Proposition 12.71 Proposition 13.31 and Lemma 13.41 we have rj ^ and r] o rj = 0, i.e., 

/ Im(r/) C Ker(r?) = A'^. 

Similarly, rj* := r* — Id is an endomorphism of Tis with rj* ^ and rj* o rj* = 0. Since 
i*(p E Kei{rj*) by (the easy half of) the global invariant cycles theorem (cf. Theorem 4.24 
of I Vo| ) ■ for any tp E Kei{rj*) and u E A^, 



(^,r?(n)) = (r?*(V'),u)=0. 
It follows that {i*ip,lm{i])) =0. D 

Remark 3.6. If the family / : M — )■ i? is projective, we could have used the Monodromy 
Theorem (cf. Theorem 3.15 in [Vo]) in place of Proposition 3.3 and Lemma 13.41 in the 
above proof. We have used the above approach because we do not want to assume that / 
is projective. 

Proposition 3.7. For a principally polarized stable Lagrangian fibration f : M ^ B and 
s £ B \ D, let Ts : As ^ Ag be the monodromy operator of Proposition \2.7[ which should 
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preserve the polarization Qs : A^A^ — )• Z. Setting 7] := Tg — Id as in Proposition \3.5{ we 
have A'g = Ker{ri). Then Im(r/) C A^ is contained in 

Eg := {v G A'g I Q{v, w) = for all w £ A'^}. 

Proof. Since Tg preserves the polarization Qs and r/ o r/ = by Lemma 13.41 

Qs{ri{v),u) + Qs{v, ri{u)) = for all v,u £ A^. 

Thus for any u G A^ and u G Ker(77) = A^, we have Qs{r]{v),u) = —Qs{v,r]{u)) = 0, which 
means r]{v) G H^. D 

Definition 3.8. Let A be a free abelian group of rank 2n. Given a unimodular non- 
degenerate anti-symmetric form Q : A^A — )• Z, a basis {pi, . . . ,pn,qi, ■ ■ ■ , Qn} of A is called 
a symplectic basis of A with respect to Q if, in terms of the dual basis {p^, . . . ,p", q^, . . . , q"^} 
of Hom(A,Z), 

Q = pi A g^ + p^ A g^ H h p" A g". 

Lemma 3.9. In the setting of Definition 1 3. ^ /ei r : A — )• A be a group automorphism pre- 
serving Q. Assume that the subgroup A' C A of elements fixed under t has corank 1. Then 
there exists a symplectic basis {pi, . . . ,Pn,qi, ■ ■ ■ , q-n} such that {pi, . . . ,Pn,qi, ■ ■ ■ , q-n-i} C 
A'. 

Proof. Fix a symplectic basis {oi, . . . , a„, 6i, . . . , 6„} such that 

Q = fli A 6^ + • • • + a" A 6". 

The anti-symmetric form Q\\f must have a kernel of rank 1, i.e., 

E:={ve A', Q{v, u) = for aU u G A'} 

has rank 1. Pick a generator pi of H. Since E is primitive, i.e., A/H has no torsion, we can 
write 

pi = aioi H h anttn + /3i6i H h /3n^n 

with some integers a^, /3j satisfying gcd{ai, . . . , q„, /3i, . . . , (3n) = 1- Thus there exists inte- 
gers a'l, . . . ,a'j^, /3[, . . . , f3'^ such that 

a'l • ai H \- a'n ■ an + I3'i ■ f3i -\ h /3^ • /3„ = 1. 

Let 

gi := -/^ifli fS'^ttn + a'lbi H h a^fen- 

Then (5(pi,gi) = 1. Define 

a" ■.= {v£A,Q{pi,v) = = Q(gi,w)}. 

Then A C A' is a lattice of rank 2n — 2 such that QIa" ^^ unimodular and non-degenerate 
(cf. |GHj . the proof of Lemma in p. 304). Let {p2, . . . ,Pn,q2, ■ ■ ■ ,qn} be a symplectic basis of 
A . Then {pi, . . . ,pn, gi, . . . , g^} is a symplectic basis of A with the required property. D 

Proposition 3.10. In the setting of Proposition [275[ identify Ag = Hi{Ms,Z) with F^ for 
s & B\D as in the proof of Proposition \2.7[ Assume that we have a principal polarization 
Q. Then we can find a collection of components {pi, . . . ,p„, gi, . . . , gn-i} ofT' such that for 
each X G B\D, there exists qn,x £ ^x such that {pi,x, . . . ,Pn,x-, qi,x, ■ ■ ■ , qn,x} is a symplectic 
basis of Ax = Tx with respect to Qx ■ 
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Proof. Fix a point s G B \ D. The monodromy r^ : A^ — )• A^ preserves the polariza- 
tion Qs on As and fixes A'^ = T'^. Applying Lemma 13.91 we have a symplectic basis 
{pi^s, . . . ,pn,s,qi,s, ■ ■ • ,gn,s} with p^^, • • • ,Pn,s,qi,s, ■ ■ ■,qn-i,s G K- Since r' consists of sec- 
tions of g : T*B — )• B, the vectors pi^s, ■ ■ ■ iPn,s, Qi,s, ■ ■ ■ , Qn-i,s uniquely determine compo- 
nents pi, . . . ,pn, qi, ■ . . , q-n-i of A'. To check the existence of qn,x for any x £ B \ D, just 
pick Qn^x as any vector in A^,. contained in the component of A containing qn^s- D 

Proposition 3.11. In the notation of Proposition [3.1 (A when b £ D, the vector Pn^b £ T^ 
regarded as an element of Hi{Yo,7j) in the notation of Proposition [2^ lies in the lattice T 
of Proposition \2.6[ 



Proof. Suppose not. By our (Assumption) after Definition 12. H we may assume that M 
is topologically retractable to f'^{b) and identify H^{f~^{h),'L) with H^{M,'L). Then by 
Proposition 12.61 there exists w G H^{f^^{b),Z) = H^{M,Z) such that {vj,j^Pn,b) / 0. For 
a point s € B\D, the choice in Proposition 13. lOl implies that pn^s £ ^s of Proposition 13.71 
Denote by Ws the element in H^{Ms,'Z) induced by tu G H^{M, Z) under the identification 
H\f-\b),Z) = H^{M,Z). Since j^Pn,b G Hi{f-\b),Z) = Hi{M,Z) and the image of 
Pn,s £ Hi{Ms,Z) in Hi(M,Z) belongs to the same class, Proposition 13.51 and Proposition 
13.71 say that 

{■^,j*Pn,b) = {'^s,Pn,s) = 0. 

This is a contradiction. D 

Proposition 3.12. In Proposition \3. 1 1\ the C-linear span o/T in T^{B) is exactly C • dh 
where h G 0{B) is a defining equation of the divisor D. 

Proof. From the definition of T in Proposition 12.61 the linear span of T is sent to a fiber of 
the C*-bundle. By Definition 12. II (i). this fiber is a leaf of the characteristic foliation, which 
is given by the Hamiltonian vector field tuj{f*dh) on M. Under the symplecto-morphism $ 
in Proposition 12.41 this corresponds to C • dh. D 

Proposition 3.13. Let {pi, . . . ,pn,qi, . . . ,qn-i} be as in Proposition \3.l0i . Then there 
exists a holomorphic coordinate system {zi, . . . , Zn\ on B such that, regarded as sections of 
T*{B), 

Pl = dzi, ..., Pn = dZn 

and D is given by Zn = 0. 

Proof. Since Pl, . . . ,pn are closed 1-forms which are point-wise linearly independent at every 
point of B, we can find coordinates zi, . . . , z„ with pi = dzi. By Proposition 13.121 we may 
choose Zn to be a defining equation of D. D 

Let us recall the classical Riemann condition (e.g. [GH], p. 306). 

Proposition 3.14. Let V be a complex vector space of dimension n and let K d V be a 
lattice of rank 2n such that V/A is an abelian variety with a principal polarization. For 
a symplectic basis {pi, . . . ,p„, qi, . . . , g„} of A. with respect to the principal polarization 
Q : A^A —7- Z, {pi, . . . ,Pn} becomes a C-basis of V and the period matrix {0j) defined by 



Y.^v, 



in V 
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is symmetric in {i,j) and lin{9j) > 0. 

Theorem 3.15. Given a principally polarized stable Lagrangian fibration f : M ^ B with 
a Lagrangian section S C M, there exists a holomorphic coordinate system (zi, . . . ,Zn) on 
B such that 

(i) Zn = is a local defining equation of D; 

(ii) on B \D, dzi, . . . , dzn-i, dzn belong to V in the notation of Proposition \2.5^ 
(iii) there exists a symplectic basis {pi^s, ■■■ ■,Pn,s,Qi,s, ■■■ ,11,71} on each Ag = Ts,s G 
B \D satisfying 

Pl^s = idzi)s, ■ ■ ■ ,Pn,s = {dZn)s 

and the associated period matrix in the sense of Proposition \3.14\ is given by 

for some holomorphic function ^> on B, which we call a potential function of the 
Lagrangian fibration, and some integer I. 

Proof. Let {pi, . . . ,p„, gi, . . . , q-n-i} be as in Proposition 13.101 and Proposition 13.131 At a 
point s G B \D, we add Qn^s to get a symplectic basis of A^. By analytic continuation, we 
get a multi-valued 1-form q„ over B\D such that any choice of a value qn,t of Qn at a point 
t £ B \ D, together with pi^t, ■ ■ ■ ,Pn,t,Qi,t, ■ ■ ■ , Qn-i,t, gives a symplectic basis of A^. Using 
the coordinate system in Proposition 13.13] we can write 



Qi 



Y.^ld^ 



where 9l is a (univalent) holomorphic function on B for each 1 < i < n — 1 and 1 < j < n, 
while On is a multi- valued holomorphic function on B\D for each 1 < j < n. By Proposition 
I3.14| 0*- = 9j for each 1 < i,j < n. It follows that On is univalent holomorphic function on 
B for each 1 < j < n — 1. By the choice oi pn,s G ^s and Proposition 13. 7^ the monodromy 
operator r^ : A^ — )• A^ is of the form 

Ts\Qn,s) — Qn,s ~r f^Pn,s 

for some integer i. Thus 

f 

log Zn 



" 27rV-l 

is also univalent. Set 0^ := Oj if {i,j) 7^ {n,n). Then Oj is a univalent holomorphic function 
on B for all values of 1 < i,j <n and 

n 



qi = y Ojdzj for 1 < i < n — 1 



j=i 



y~] O^dZj + ^= log Zn dZn- 

— : zvrv— i 



j=i 
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Since (/j's are closed 1-forms on B, we have 

de[_del_d9j_ 

dzk dzj dzk 

for any 1 < i,j,k < n. By Poincare's lemma, there exists a holomorphic function \I/ such 
that 



dzidzj 



D 



4. Construction of principally polarized stable Lagrangian fibrations with 

given potential functions 



In this section, for a sufficiently small n-dimensional polydisk B with coordinate (zi, . . . , z 
we shall construct a principally polarized stable Lagrangian fibration / : (M, com) — ^ B with 
a given potential function ^{z). Our construction closely follows Nakamura's toroidal con- 
struction [Na]. However, main differences are the following: 

(i) the base space B is of dimension n (rather than 1). 

(ii) the total space should be not only smooth but also symplectic. 

(I) Construction of a non-proper Lagrangian fibration M ^ B. 

For each integer /c G Z, let -Efc be a copy of C x C equipped with linear coordinates 
{xk^Vk)- We define a complex manifold E by identifying points in Ukt^zEk by the following 
rule: a point {xk-,Vk) of Ek with x^ / and y^ / is identified with a point {xk+i-,yk+i) 
of Ek+i with Xk+i 7^ and yk+i 7^ 0, if and only if 

Xk+i = xlvk, and y^+i = — . 

Xk 

On E, Zn '■= XkDk is a well-defined holomorphic function independent of k and 

wn ■■= x^'+'y," 
is a meromorphic function independent of k, with zeros and poles supported on 

^kezixkyk = 0). 

Moreover, the 2-forms dyk A dxk glue together yielding a holomorphic symplectic form oje 
on E, satisfying 

dwn 

iOE = dZn A . 

Wn 

Fix coordinates 

{zi,...,Zn-l,Wi,...,Wn-l) 

on C"^^ X C"^"*^ and regard them as functions on the open subset C"^"*^ x (C^)"^^ defined 
by 

U7l / 0, . . . , Wn-l / 0. 

Define 

X ■=C'-^ X (C^)"-^ xE. 

On X, we have the holomorphic functions zi, . . . ,Zn,wi, . . . , Wn-i and the meromorphic 
function Wn- 



nji 
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Define a morphism p : X ^ C" by (z^, . . . , z"). The fiber of p over h witli Zn{h) 7^ is 
isoniorpliic to 

with coordinates (wi, . . . , Wn-i,Wn) and the fiber over b with Zn{b) = is isomorphic to 

(CXf-ixUfcezIPi 

where P^ is a copy of the projective line P^ with affine coordinate yj.- 
We have a holomorphic symplectic 2-form 

n— 1 , n , 

dzi A h WE = / dzi A 

j=i 1=1 

on X. Prom now, we regard X as a symplectic manifold by this symplectic form. From 
the coordinate expression of ujj^ and p, it is immediate that p is a non-proper Lagrangian 
fibration. 
We denote 

M = X xc" B 
where 

B = {{Zi, ..., Zn-l,Zn) \\Zi\ < e(Vi)} 

and e is a sufficiently small positive real number. We denote the natural projection M ^ B 
induced from p by 

f : M ^ B . 

Note that the restriction ojj^ of ujj^ is a symplectic 2-form on M and / is a non-proper 
Lagrangian fibration. 

(II) Group action ofT = Z" on M. 

Let ^(zi,Z2,--- ,Zn) be a holomorphic function on B such that the imaginary part 
Im 6{z) of the Hessian matrix 

e{z) = ( ^ ^ ^ 



dzidzj 



is positive definite and i he a positive integer. We define the period matrix 6{z) by 
We will write 



where @i{z) is the (n — 1) x (n — 1) matrix, 02(2) is the (n — 1) x 1 matrix, ©K-z) is the 
transpose of ©2(-z) and 6n{z) is 1 x 1 matrix. 

Set r = Z""^ © Z. We define a group action of F on M as follows. Let 7 = {j,m) G 
F. Then the action Ty : M — )■ M is defined in terms of the coordinate functions on 

C"-i X (C^)"-i X EkC Mhy 

T*Zi = Zi for i = 1, ..., n — 1 
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T;{Ii^Zlwl^) = exp {27rV-l{j@i{z)b + mG*2(^)6)n^->: 
where b = (bi)^^^ is (n — 1) x 1 matrix, and 

T;xk = {expi2TTV^iJQ2{z)+me';,iz)))-'xk-me 

T*yk = exp {2tt\/^{j&2{z) + me'^{z))yk-mi ■ 

It is immediate that T*T*, = T* ,. Then T^ G Aut (X/C") and 7 i— )• T^ defines an 
injective group homomorphism from T to Aut (M/C"). Here Aut (M/C") is the group of 
automorphisms of M over C" , i.e., the group of automorphisms g oi M such that f og = f. 

Proposition 4.1. The action T on M is properly discontinuous, free and symplectic, in 
the sense that T*(jj£^ = Uj^j for each 7 S F. 

Proof. Preeness of the action is clear from the description of the action. The proof of proper 
discontinuity is essentially the same as the proof of |Na| . Theorem 2.6. This can be also 
seen from the concrete description of fibers below in (III), at least fiberwisely 

Let us show that the action is symplectic, i.e., uj£j = T*uj£j for each 7 = {j,m). This is 
a new part not considered by [Na]. We have T*dzi = dzi, T*dwi = exp {2t: \J —1 fi{z))wi for 
all i, where, in terms of the standard basis {ei)^!^ of C"~^, 

fi{z) = jQi{z)ei + m@2{z)ei 

for 1 < i < n — 1 and 

fn{z)=jG2{z) + me:i{z). 
Thus, for i with 1 < i < n, we have 

T*dzi = dzi , 

. dwj 



rp*^=T*{dl0gW,) 

^ Wi ' 

dlog{T;wi) = d{27rV^f,{z)) + dilogwi 

= h 27rV-l > ^ -^—dzk . 

Wi ^ dzk 



Using these identities, we can compute 



k=i * 



n ^ a f 
27r\/^y^ y^ -K-^dzk A dzi 

i=i k=i ^^ 

^ rdfi dfu. 



l<i<k<n '^ * 
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On the other hand, by definition of fi{z) (1 < i < n) and definition of 9(z) from the 
potential function ^{z), we know that 

n-l 

n{z) = Y,jJi{z)+m6l 

a=l 
^-— ' /qt-. fly, 1 



dzadzk dzndzk 



Since ^{z) is holomorphic, it follows that 



d 52^ , d^^ d , 92^ 



dzk dzadzi dzkdzadzi dzi dz^dzk 
Substituting this into the formula above, we obtain that T*u:^j = oj^. D 

(III) Group quotient of M hyV = 1/". 

Let M = M /T. By Proposition l4.1|, M is a smooth symplectic manifold with symplectic 
form ujm induced by Wj^-^ and M admits a fibration f : M ^ B induced by /. We denote 
the (scheme theoretic) fiber f^^{b) over 6 G i? by Mi,. Let us describe the fibers M^. 

(III-l) Smooth fibers Mf, 

First consider the case where z„(6) 7^ 0, i.e., the case where Mf, is smooth. We have 
M, = (CX)"-i X {{xk,yk)\xkyk = bn} ^ {CnU,-,^n-r,v.„) ■ 

and Wn = Zn{b)^yk. Let (cj)"^]^ be the ordered standard basis of T. From the description 
in (II), the action of F is given by: 

r,>, = exp(2^V^0^(6))u;,- 

T^wn = exp(27r^/^0n^))^«n 
for 1 < i < n — 1 with 6l = 9j and 

Tlw, = exp(27r^/^0^(6))u;, 

T:^Wn = eM'^T^V^0n{b))Zn{bYwn = exp{27TV^9ll{b))Wn . 

Hence Mj, = Mi,/T is an n-dimensional principally polarized abelian variety of period 
9{b), as desired. By the description of dm, the fibers Mb, Zn(b) / 0, are also Lagrangian 
submanifolds. 

Proposition 4.2. For b G B,Zn{b) ^ 0, choose the basis 

Pl,b, ■ ■ ■ ,Pn,bqi,b, ■ ■ ■ ,Qn,b 

ofHi{Mb,Z) such that Mb = C''/{pj,b)]=i and 

n 

%h = ^Ol{b)Pj,b 
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for each i (I < i < n). Let 

he the dual basis of H^{Mi„7j). Then the integral 2-form 

n 

j=l 
give a monodromy invariant principal polarization of M over B\D where D = (z„ = 0) . 

Proof. When Zn{b) 7^ 0, the fiber M^ of p : M — >• S is (C^)" and this family has no 
monodromy over B \ {zn = 0). Thus we can fix a basis pi^b, . . . ,Pn,b of Hi{Mb, Z) uniformly 
in b,Zn(b) / 0. 

To get a basis of ifi(Mb,Z), we choose additional elements qiM, ■ ■ ■ ,Qn,b S HxiMi,,7j) 
determined by the deck-transformation of M^ induced by the action Tg^ , . . . , Tg^ . From the 
description of T*. on Wj , they satisfy the relation 

n 

<li,b = ^Ol{h)pj,b- 
i=i 

We see that gi_6, . . . ,(?„_i,fe are invariant under the monodromy, while qn^b ^^ Qn,b + ^Pn,fe 
under the monodromy of the generator 7 of 7Ti{B \ D), i.e., the circle around discriminant 
divisor Zn = 0. The 2-form Lj, is a principal polarization on M^. It remains to show that 
Lf, is invariant under the monodromy. By definition of 0(b), we compute that 

n-l 

7*(Lfe) = j*C^Pi,b A qi^b) + l*{Pn,b A qn,b) 

i=l 
n-l 

= Y.Pl^'ll + Pb^('ib-m = Lb. 

i=l 

This implies the invariance. D 



Remark 4.3. As in |Naj . one can also describe / : M — t- S in terms of toric geometry. 
Following an argument similar to |Naj . Section 4, it seems possible to give a relatively 
principally polarized divisor (the relative theta divsor) which is defined globally over B\D. 
However, its closure is not necessarily /-ample even if total space is of dimension 4 (cases 
of stable principally polarized Lagrangian 4-folds). In fact, a failure of /-ampleness of the 
closure already happens when the fiber dimension 2 and the base dimension 1 as explicitly 
described in [Naj Section 4, Page 219. See also Remark 3.6. 



(III-2) Singular fibers Mi, 

Next consider the singular fibers of /. They are Mf, with Zn{b) = 0. Recall from (I) 
that Mfe is the product of (C^)"""*^ with coordinate (il'j)"Ji and the infinite tree UfcgzIPfc of 
projective lines ¥\ with affine coordinate yu, and M\) = M(,/r. Let us denote by (0)^, (oo)fc G 
P^ the two points on the projective line P^ such that (0)^ is identified with (oo);fc_i in the 
tree. 
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From (II) , the action of F is given by: 




T*/Wj = exp(27rv 


/-ielib))w, 


T^Vk = exp(27rv 


'-I0nb))yk 


: I < i <n — 1 and 




Tlw, = exp(27r^ 


/-19i{b))w, 


T^vk = exp(27r\/^ 


-^O^ib))yk-e 



where (cj)"^]^ is the ordered standard basis of F. Here we note that the last equahty shows 
that the monodromy operation corresponds to the shift of the components of the infinite 
tree UfcgzP^. Thus M/ < e„ > can be described as the variety obtained from 

by identifying the point 

{w\...,w^-')x{0)o e (C><r-ix(0)o 
with the point 

(exp(27r^/^0^)u;\...,exp(27r^/^0;j-i)u'"-i) G (C^f-^ x (oo)^_i. 

From this description, M^ consists of i irreducible components, each of whose normal- 
ization is isomorphic to a P^-bundle over (n — l)-dimensional complex torus isogenous 
to (CX)"~"^/(ej)"j"^ , where the action of {ei)'^~-^ is given by the coordinate action T*_ 
(1 < i < n — 1) on Wj (1 < j < n — 1) described above. Note that the quotient 
{C^)"'~^/{ei)^~i is compact because the imaginary part of Qi{z) is positive definite from 
the assumption that the imaginary part of 6 is positive definite. We also note that the 
characteristic cycles are of type Im for some 1 < m < oo. 
From this description, the following is now clear: 

Theorem 4.4. The fibration f : M ^ B constructed above is a proper, flat, principally 
polarized stable Lagraingian fibration with a potential function ^{z). Moreover, i is the 
number of components of the singular fiber and S\ ^ S^ for alii in the notation of Definition 

Given a principally polarized Lagrangian fibration, we can find a potential function ^ 
on B as in Theorem 13.151 Starting from $ we can construct a principally polarized stable 
Lagrangian fibration by Theorem 14.41 These two Lagrangian fibrations must agree outside 
the discriminant set. Thus they must be biholomorphic by the following. 

Proposition 4.5. Let f : M ^ B and f : M' -^ B be two Lagrangian fibrations with the 
same discriminant D C B, having Lagrangian sections T, C M and T,' C M' . Suppose there 
exists a biholomorphic morphism $ : M\f^^{D) — )• M'\f'~'^{D) such that ^{T,) = S' and 
$ is symplectomorphic, i.e., (t*ujM' = ^M- Then $ extends to a biholomorphic morphism 
M^M'. 

Proof. The proof is essentially given in the proof of Proposition 5.1 in |H02] . Let us sketch 
the argument. One can see that <& is a bimeromorphic map between M and M' . Choose 
holomorphic coordinates (zi, . . . , Zn) on B such that the discriminant D is defined by z„ = 0. 
Then the Hamiltonian vector fields induced by dzi, . . . ,dzn-i determine C"^ ^-actions on 
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M and M' such that $ is equivariant with respect to them. These C^^^-actions are free 
and all orbits have dimension n — 1. Since both M and M' have trivial canonical bundle, 
the exceptional loci of the bimeromorphic map must be of codimension > 2. Since they 
are invariant under the C"'~^-actions, they must be union of finitely many orbits of C"~^- 
actions. But then each component of the exceptional loci in M must be transformed to a 
component of the exceptional loci in M' biholomorphically. This implies that there are no 
exceptional loci and ^ is biholomorphic. D 

As a corollary of Theorem 14.41 and Proposition 14.51 we obtain 

Corollary 4.6. For any principally polarized stable Lagrangian fibration, the positive inte- 
ger \£\ in Theorem \3.15\ is the number of components of the singular fiber and S\ ^ S\ for 
each i in the notation of Definition \2. i\ 



Theorem I3.15| Theorem 14.41 and Corollary 14.61 complete the proof of Theorem 11.11 

5. Periods and the characteristic cycles 

In this section, we will examine the relation between types of the characteristic cycles 
and the periods. For simplicity, we will restrict our discussion to the case of i = 1. The 
generalization to arbitrary i is straightforward. Explicit constructions (Constructions I 
-III) will be given when n = 2, i.e., constructions of 4-dimensional principally polarized 
stable Lagrangian fibrations. Construction I gives an explicit example in which the types 
of characteristic cycles change fiber by fiber. Construction II gives an explicit example in 
which the types of characteristic cycles are constant type In {n < oo) and Construction III 
gives an explicit example in which the types of characteristic cycles are constant type ^oo- 

Proposition 5.1. Let f : M ^- B be a 2n- dimensional principally polarized stable La- 
grangian fibration with potential function ^{z) and i = 1. We denote the (univalent) 
period matrix by 6{z) = {9j{z))fj^i and the multi-valued period matrix 9{z) of f as 

0{z) = 9{z) + 



For b & B for which Mf, is singular, define n(b) (1 < n{b) < ooj to be the order of 

{eM^^V^Oi{b)))]ll mod ((exp(27r^/^^7(6)))pi | 1 < i < n - 1 ) 
in the multiplicative group 

(CX)'^-V((exp(2vr^/^07(5)))pi I 1 < i < n - 1) . 



Then the characteristic cycle of Mf, is of type InOb) ■ 

Remark 5.2. The description above is simpler when / : M — t- 5 is a 4-dimensional 
principally polarized stable Lagrangian fibration with potential function ^{z) = ^(^1,2:2) 
and £ = 1, as follows. We shall use this description in Constructions (I)- (III) below. We 
write the (univalent) period matrix 9{z) and the multi-valued period matrix 9{z) of / as 

e2{z) 9,{z) ) '^^'^ ^^^^ + 2vrV^V0 1 
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For 6 = (61,0) G i? for which M^ is singular, the characteristic cycle of Mi, is then of type 
In(b)} where n{b) (1 < n{b) < 00) is exactly the order of 

exp(27r^/^6'2(6)) mod (exp(27r^/^^i(6))) 

in the multiplicative group C^/(exp(27r\/— l^i(^)))- 

Proof. In the description (III-2), Mb is the quotient of Mb = Ufc6z(C)""^ x ¥{ with 
coordinates {{wj)'^~^ , yk) {k G Z) by the action of F = Z" with ordered standard basis 

In terms of the standard basis, the action is given by: 

Tl : Vk ^ exp(27r^/^C(^))yfe 
for e = i(l<i<n— 1), and for e„ 

r:„ : {w,T,Zl ^ (exp(27r^/^0l(6))t.,)pi 

r;„ : Vk ^ exp(27r^/^C(&))yfc-i • 
Thus Mb/ {en) is (C^ )"-i x P^ in which {{wjf^zl, 0) and ((u;^.)"=i\ 00) are identified exactly 
when the two points (wj)""!^ and {w'^Y-Z^ of (C^)""^"*^ are in the same orbit under the action 
of the cyclic subgroup 

G{b) := {{exp{27T^/^9i{b))y;-l) 

of (C^)"-^ On the other hand, ((C^)""! x Po)/(ei>r=/ is the normalization of Mf,. Thus, 
Ml) is obtained from ((C^)"~^ x Po)/(ej)"J]^ by identifying the two (n — 1)— dimensional 
complex tori ((C^)"-i x {oo})/(ei)^j/ and ((C^)""! x {0})/(ei)^r/,by the action of G(6) 
above. Here, as a subgroup of (C^)"""*^, the group (ej)"^^ is the multiplicative subgroup 
generated by the n — 1 elements 

{exp{27r./^0l{b)))]ll , l<i<n-l. 

This implies the result. D 

Construction I. 

Under the notation of Section 5, we set i = 1 and 

^ , . (Zi + 5y/^f + (Z2 + 5y/^f + 3zlz2 + 3ziz| 

W(zi, Z2J :— 7 ) 

Then 

^ ^ V Z1 + Z2 Z1+Z2 + 5V^ J 27r V^ V 1 

and 

im^7z) = f ^^+^^+^ y'^^i 

yi + y2 2/1 + ^2 + 5 
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Here and hereafter Xi and yi are the real and imaginary part of Zi respectively. Since 
t + 5 > and (t + 5)^ — i^ > when — 2 < t < 2, it foUows that lm9{z) is positive definite 
on the polydisk 

{(^1,^2)1 \Zi\ < !}• 

Taking a smaller 2-diniensional polydisk B with multi-radius e, we then obtain a 4-dimensional 
Lagrangian fibration f : M ^ B, associated with the potential function ^(z) and i = 1. 
The discriminant set is Z2 = 0. Define N = N{z) to be the order of 

g2.^^.i mod (e2-^^(-i+5^^)) 

in the multiplicative group <C^ / (^e'^'^^/^i^i+^Jv^)y gy abuse of language, we include N = oo 
when the order is not finite. Then, the characteristic cycle of M(^^ g) is of type In. 

Proposition 5.3. In Construction 1, the characteristic cycle on M(_2j q) ^^ of Type Ik with 
k < oo if and only if 

zi G Q(^/^) . 

So, the singular fibers of finite characteristic cycle Ik (k < oo^ and the singular fibers 
of infinite characteristic cycle I^o are both dense over the disciminant set. Moreover, the 
characteristic cycle of Mu^q\ is precisely of type Ik (k < ooj for z\ = 1/k. So, the singular 
fibers with characteristic cycles of type Ik with any sufficiently large k appear in this family. 

Proof. By the definition of A^ = iV(z), it follows that N < oo for M^zifl) if ^^'^ only if there 
are integers k > and m such that 

The last condition is equivalent to 

kzi — m{zi + 5\/— 1) G Z 

which is also equivalent to 

{k — m)xi £ % and (/c — m)yi — 5m = . 

Note that A; — ?n, 7^ in the last equivalent condition, as otherwise A; = m = 0. It is 
immediate to see that two integers A: > and m satisfying last equivalent condition exist if 
and only if zx G Q(\/^). Since \e^-^^f^{^^+^^r^)\ > 1 for \zi\ < 1, whereas \e'^^^^^/><^\ = 1 
for A; G Z, it follows that the order N{z) for zi = 1/k is precisely the order of e'^'^y^'^/f' in 
the multiplicative group C^. This implies the last statement. □ 

Construction II. 

Under the notation of Section 5, we set i = 1 and 



k 



where n is a positive integer. Then 



/,/ x I V -1 1/^ \ n^ \ nt \ logZ2 / 



l/k ^^ '^^^^ "^^' ' 2ttV^\ 1 
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and 

The matrix lm.6{z) is positive definite. So, taking a smaller 2-dimensional polydisk B, 
we obtain 4-dimensional Lagrangian fibration f : M ^ B, associated with the potential 
function ^{z) and i = 1 above. The discriminant set is Z2 = 0. The order of 

e2-v^/'=mod(e-2-) 

is exactly k in the multiplicative group C^/(e^^'^), where —2tt = 27r\/— 1 • \/~l- Then, the 
characteristic cycle of M(2^ g) is of type I^, and in particular, the type is constant. 

Construction III. 

Under the notation of Section 5, we set i = 1 and 

^(^1,^2) := -^ — + CiZiZ2 , 

where a is any irrational, real number, say \/2- Then 

;;/ N f "/-T ct \ nr \ nr \ logZ2 / 



a V-1 y ' ' ' ' ' 27^^/^ V 1 
and 

lme{z)=^l J 

The matrix Iin0{z) is positive definite. So, taking a smaller 2-dimensional polydisk B, 
we obtain 4-dimensional Lagrangian fibration f : M ^ B, associated with the potential 
function ^{z) and i = 1 above. The discriminant set is Z2 = 0. Since a is irrational real 
number, the element 

e2"^^-"mod(e-2'^) 
is of infinite order in the multiplicative group C^/(e^^'^), where — 27r = 27r-v/— 1-^—1. Then, 
the characteristic cycle of M(^zi,o) is of type Aoo, and in particular the type is constant. 
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